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OSTROWSKI TYPE INEQUALITIES INVOLVING THE RIGHT
CAPUTO FRACTIONAL DERIVATIVES BELONG TO Lp
MEHMET ZEKI SARIKAYA
Abstract. In this paper, we have established Ostrowski type inequalities in-
volving the right Caputo fractional derivatives belong to Lp spaces (1 ≤ p ≤
∞) via the right Caputo fractional Taylor formula with integral remainder.
1. Introduction
In 1938, the classical integral inequality proved by A.M. Ostrowski as the fol-
lowing:
Theorem 1. Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b)
whose derivative f ′ : (a, b)→ R is bounded on (a, b) , i.e., ‖f ′‖
∞
= sup
t∈(a,b)
|f ′ (t)| <
+∞. Then the following inequality holds:
(1.1)
∣∣∣∣∣f(x)− 1b− a
∫ b
a
f(u)du
∣∣∣∣∣ ≤ (b− a)
[
1
4
+
(
x− a+b2
)2
(b− a)2
]
‖f ′‖
∞
for any x ∈ [a, b]. The constant 14 is the best possible.
In [1], Anastassiou established a new Ostrowski inequality which holds higer
order derivatives functions.
Theorem 2. Let f ∈ Cn+1 ([a, b]) , n ∈ N and x ∈ [a, b] be fixed, such that
f (k)(0) = 0, k = 1, ..., n. Then it holds
(1.2)
∣∣∣∣∣f(x)− 1b− a
∫ b
a
f(u)du
∣∣∣∣∣ ≤
∥∥f (n+1)∥∥
∞
(n+ 2)!
[
(x− a)
n+2
+ (b− x)
n+2
(b− a)
]
.
Clearly inequality (1.2) generalizes inequality (1.1) for higher order derivatives
of f .
We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used throughout this paper.
Definition 1. Let f ∈ L1[a, b]. The Riemann-Liouville integrals J
α
a+f and J
α
b−f of
order α > 0 with a ≥ 0 are defined by
Jαa+f(x) =
1
Γ(α)
∫ x
a
(x− t)
α−1
f(t)dt, x > a
and
Jαb−f(x) =
1
Γ(α)
∫ b
x
(t− x)
α−1
f(t)dt, x < b
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respectively where Γ(α) =
∫
∞
0
e−tuα−1du. Here is J0a+f(x) = J
0
b−f(x) = f(x).
Definition 2. Let f ∈ ACm ([a, b])(f (m−1) is in AC ([a, b])), m ∈ N, m = [α], α >
0 ([.] the ceiling of the number). The right Caputo fractional derivative of order
α > 0 is defined by
Dαb−f(x) =
(−1)m
Γ(m− α)
∫ b
x
(t− x)
m−α−1
f (m)(t)dt, x ≤ b.
If α = m ∈ N, then
Dmb−f(x) = (−1)
mf (m)(x), ∀x ∈ [a, b] .
If x > b, we define Dαb−f(x) = 0.
Properties concerning this operator can be found ([10]-[13]). For some recent
results connected with fractional integral inequalities see ([1]-[13]).
In order to prove our main results, we need the following theorem proved by
Anastassiou in [3].
Theorem 3. Let f ∈ ACm ([a, b]) , x ∈ [a, b], m = [α], α > 0. Then
f(x) =
m−1∑
k=0
f (k)(b)
k!
(x− b)
k
+
1
Γ(α)
∫ b
x
(t− x)
m−α−1
Dmb−f(t)dt
the right Caputo fractional Taylor formula with integral remainder.
In [5], Anastassiou established general univariate right Caputo fractional Os-
trowski inequalities with respect to ‖.‖p , 1 ≤ p ≤ ∞.
Theorem 4. Let f ∈ ACm ([a, b]) , m = [α] and f (k)(b) = 0, k = 1, ...,m−1. Then∣∣∣∣∣f(b)− 1b− a
∫ b
a
f(u)du
∣∣∣∣∣(1.3)
≤


‖Dmb−f‖
∞,[a,b]
Γ(α+2) (b − a)
α, if Dαb−f ∈ L∞ ([a, b]) , α > 0
‖Dmb−f‖L1([a,b])
Γ(α+1) (b − a)
α−1 if Dαb−f ∈ L1 ([a, b]) , α ≥ 1
‖Dmb−f‖Lq([a,b])
Γ(α)(p(α−1)+1)
1
p (α+ 1
p
)
(b − a)α−1+
1
p
if Dαb−f ∈ Lq ([a, b]) ,
p, q > 1, 1
p
+ 1
q
= 1, α > 1− 1
p
The aim of this paper is to establish Ostrowski type inequalities involving the
right Caputo fractional derivatives belong to Lp spaces (1 ≤ p ≤ ∞) via the right
Caputo fractional Taylor formula with integral remainder.
2. Main Results
We start with the following theorem:
Theorem 5. Let f, g ∈ ACm ([a, b]) , m = [α], α > 0. Assume f (k)(b) = g(k)(b) =
0, k = 1, ...,m− 1 and Dαb−f,D
α
b−g ∈ L∞ ([a, b]) . Then∣∣∣∣∣2
∫ b
a
f(x)g(x)dx −
∫ b
a
(f(x)g(b) + g(x)f(b)) dx
∣∣∣∣∣(2.1)
≤
∥∥Dαb−f∥∥∞ Jα+1a+ |g(b)|+ ∥∥Dαb−g∥∥∞ Jα+1a+ |f(b)| .
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Proof. Let x ∈ [a, b]. Using Theorem 3 and from the hypothesis of Theorem 5, we
have the following identities
(2.2) f(x)− f(b) =
1
Γ(α)
∫ b
x
(t− x)α−1Dαb−f(t)dt
(2.3) g(x)− g(b) =
1
Γ(α)
∫ b
x
(t− x)
α−1
Dαb−g(t)dt.
Multiplying both sides of (2.2) and (2.3) by g(x) and f(x) respectively and adding
the resulting identities, we have
2f(x)g(x)− f(b)g(x)− f(x)g(b)
=
g(x)
Γ(α)
∫ b
x
(t− x)
α−1
Dαb−f(t)dt+
f(x)
Γ(α)
∫ b
x
(t− x)
α−1
Dαb−g(t)dt.
Integrating the resulting inequality with respest to x over [a, b] and using the prop-
erties of modulus, we obtain∣∣∣∣∣2
∫ b
a
f(x)g(x)dx −
∫ b
a
(f(b)g(x) + f(x)g(b)) dx
∣∣∣∣∣
(2.4)
≤
∫ b
a
|g(x)|
Γ(α)
(∫ b
x
(t− x)
α−1 ∣∣Dαb−f(t)∣∣ dt
)
dx +
∫ b
a
|f(x)|
Γ(α)
(∫ b
x
(t− x)
α−1 ∣∣Dαb−g(t)∣∣ dt
)
dx.
Hence it holds∣∣∣∣∣2
∫ b
a
f(x)g(x)dx −
∫ b
a
(f(b)g(x) + f(x)g(b)) dx
∣∣∣∣∣
≤
∥∥Dαb−f∥∥∞
Γ(α)
∫ b
a
|g(x)|
(∫ b
x
(t− x)
α−1
dt
)
dx+
∥∥Dαb−g∥∥∞
Γ(α)
∫ b
a
|f(x)|
(∫ b
x
(t− x)
α−1
dt
)
dx
=
∥∥Dαb−f∥∥∞
Γ(α+ 1)
∫ b
a
(b− x)
α
|g(x)| dx+
∥∥Dαb−g∥∥∞
Γ(α+ 1)
∫ b
a
(b− x)
α
|f(x)| dx
=
∥∥Dαb−f∥∥∞ Jα+1a+ |g(b)|+ ∥∥Dαb−g∥∥∞ Jα+1a+ |f(b)|
which the proof is completed. 
Remark 1. If we take g(x) = 1 in Theorem 5, the inequality (2.1) reduces the first
inequality in (1.3).
Theorem 6. Let f, g ∈ ACm ([a, b]) , m = [α], α ≥ 1. Assume f (k)(b) = g(k)(b) =
0, k = 1, ...,m− 1 and Dαb−f,D
α
b−g ∈ L1 ([a, b]) . Then∣∣∣∣∣2
∫ b
a
f(x)g(x)dx −
∫ b
a
(f(x)g(b) + g(x)f(b)) dx
∣∣∣∣∣(2.5)
≤
∥∥Dαb−f∥∥L1([a,b]) Jαa+ |g(b)|+ ∥∥Dαb−g∥∥L1([a,b]) Jαa+ |f(b)| .
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Proof. From the inequality (2.4) of Theorem 5, we have again
∣∣∣∣∣2
∫ b
a
f(x)g(x)dx −
∫ b
a
(f(b)g(x) + f(x)g(b)) dx
∣∣∣∣∣
≤
∫ b
a
|g(x)|
Γ(α)
(∫ b
x
(t− x)
α−1 ∣∣Dαb−f(t)∣∣ dt
)
dx +
∫ b
a
|f(x)|
Γ(α)
(∫ b
x
(t− x)
α−1 ∣∣Dαb−g(t)∣∣ dt
)
dx
≤
∫ b
a
|g(x)|
Γ(α)
(b− x)α−1
(∫ b
x
∣∣Dαb−f(t)∣∣ dt
)
dx+
∫ b
a
|f(x)|
Γ(α)
(b− x)α−1
(∫ b
x
∣∣Dαb−g(t)∣∣ dt
)
dx
=
∥∥Dαb−f∥∥L1([a,b])
∫ b
a
|g(x)|
Γ(α)
(b− x)α−1 dx+
∥∥Dαb−g∥∥L1([a,b])
∫ b
a
|f(x)|
Γ(α)
(b− x)α−1 dx
=
∥∥Dαb−f∥∥L1([a,b]) Jαa+ |g(b)|+ ∥∥Dαb−g∥∥L1([a,b]) Jαa+ |f(b)|
which completes the proof. 
Remark 2. If we take g(x) = 1 in Theorem 6, the inequality (2.5) reduces the
second inequality in (1.3).
Theorem 7. Let f, g ∈ ACm ([a, b]) , m = [α], α > 0, p, q > 1, 1
p
+ 1
q
= 1, α >
1− 1
p
. Assume f (k)(b) = g(k)(b) = 0, k = 1, ...,m−1 and Dαb−f,D
α
b−g ∈ Lq ([a, b]) .
Then
∣∣∣∣∣2
∫ b
a
f(x)g(x)dx −
∫ b
a
(f(x)g(b) + g(x)f(b)) dx
∣∣∣∣∣
(2.6)
≤ Γ
(
α+
1
p
)(∥∥Dαb−f∥∥Lq([a,b]) Jα+ 1pa+ |g(b)|+ ∥∥Dαb−g∥∥Lq([a,b]) Jα+ 1pa+ |f(b)|
)
.
Proof. From the inequality (2.4) of Theorem 5, we have again
∣∣∣∣∣2
∫ b
a
f(x)g(x)dx −
∫ b
a
(f(b)g(x) + f(x)g(b)) dx
∣∣∣∣∣
≤
∫ b
a
|g(x)|
Γ(α)
(∫ b
x
(t− x)
α−1 ∣∣Dαb−f(t)∣∣ dt
)
dx +
∫ b
a
|f(x)|
Γ(α)
(∫ b
x
(t− x)
α−1 ∣∣Dαb−g(t)∣∣ dt
)
dx.
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Using the Ho¨lder’s integral inequality, we obtain∣∣∣∣∣2
∫ b
a
f(x)g(x)dx −
∫ b
a
(f(b)g(x) + f(x)g(b)) dx
∣∣∣∣∣
≤
∫ b
a
|g(x)|
Γ(α)
(∫ b
x
(t− x)
(α−1)p
dt
) 1
p
(∫ b
x
∣∣Dαb−f(t)∣∣q dt
) 1
q
dx
+
∫ b
a
|f(x)|
Γ(α)
(∫ b
x
(t− x)
(α−1)p
dt
) 1
p
(∫ b
x
∣∣Dαb−g(t)∣∣q dt
) 1
q
dx
=
∥∥Dαb−f∥∥Lq([a,b])
Γ(α)
∫ b
a
|g(x)|
(∫ b
x
(t− x)
(α−1)p
dt
) 1
p
dx
+
∥∥Dαb−g∥∥Lq([a,b])
Γ(α)
∫ b
a
|f(x)|
(∫ b
x
(t− x)
(α−1)p
dt
) 1
p
By simple computation(∫ b
x
(t− x)
(α−1)p
dt
) 1
p
=
(b− x)α−1+
1
p
(p(α− 1) + 1)
1
p
.
This last equality is substituted the above, then we have the conclusion. 
Remark 3. If we take g(x) = 1 in Theorem 7, the inequality (2.6) reduces the
third inequality in (1.3).
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